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SUMMARY
In this study, the complex frequency-shifted perfectly matched layer (CFS-PML) in
stretching Cartesian coordinates, is successfully applied to three-dimensional (3D)
frequency-domain marine controlled-source electromagnetic (CSEM) field modelling.
The Dirichlet boundary, which is usually used within the traditional framework of
EM modeling algorithms, assumes the electric or magnetic field values are zero at the
boundaries. This requires the boundaries be sufficiently far away from the sources in
the area of interest. To mitigate the boundary artifacts, a large modelling area may
be necessary even though cell sizes are allowed to grow toward the boundaries due
to the diffusion of the electromagnetic wave propagation. Compared with the con-
ventional Dirichlet boundary, the PML boundary is preferred as the modelling area
of interest could be restricted to the target region and only a few absorbing layers
surrounding can effectively depress the artificial boundary effect without losing the
numerical accuracy. Furthermore, for joint inversion of seismic and marine CSEM
data, if we used the PML for CSEM field simulation instead of the conventional
Dirichlet, the modeling area for these two different geophysical data collected from
the same survey area could the same, which is convenient for joint inversion grid
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matching. We apply the CFS-PML boundary to 3D marine CSEM modelling by
using the staggered finite-difference (SFD) discretization. Numerical test indicates
that the modeling algorithm using the CFS-PML also shows good accuracy com-
pared to the Dirichlet. Furthermore, the modeling algorithm using the CFS-PML
shows advantages in computational time and memory saving than that using the
Dirichlet boundary. For the 3D example in this study, the memory saving using
the PML is nearly 42 % and the time saving is around 48% compared to using the
Dirichlet.
Key words: Marine electromagnetics; Controlled source electromagnetics (CSEM);
Numerical modelling; Perfectly matched layer.
1 INTRODUCTION
Marine controlled-source electromagnetic (CSEM) method is widely used for investigating the
hydrocarbon and gas hydrate resources (Constable 2010). For frequency-domain marine CSEM
survey, a towed electric dipole is usually used to generate the EM fields and the recorded data
from receivers located at the seafloor can be used to analyze the resistivity distribution of the
seafloor. Nowadays three dimensional (3D) EM modelling studies are of increasing importance
for interpreting the EM data acquired in complex geologic settings (Avdeev 2005; Zhdanov
2010).
In the 3D EM modelling problem, the finite-difference/finite-volume, finite-element and
integral equation methods are usually used and these methods are well studied in former pub-
lications (e.g., Bo¨rner 2010; Kelbert et al. 2014). In this study, the staggered finite-difference
(SFD) method is used for modeling the 3D marine CSEM fields, which can produce accurate
and reliable numerical solutions with a fast computation rate (Mackie et al. 1993; Smith 1996;
Weiss & Constable 2006; Sasaki & Meju 2009; Mittet 2010). For these traditional frameworks
of 3D EM modeling algorithms, a Dirichlet boundary is usually used, which assumes the elec-
tric or magnetic field values are zero at the boundaries. This is a truncated boundary and
it requires the boundaries be sufficiently far away from the area of interest. To mitigate the
boundary artifacts, a large modelling area may be necessary though cell sizes are allowed to
grow toward the boundaries due to the diffusion of the electromagnetic wave propagation.
An alternative way is to use the perfectly matched layer (PML), which is the common choice
for seismic wave propagating simulation (e.g., Hu et al. 2007; Pan et al. 2012). By using the
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PML, the modelling area of interest could be restricted to the target region and only a few
surrounding absorbing layers can effectively depress the artificial boundary effect without los-
ing the numerical accuracy. It is worth mentioning that, for joint inversion of marine CSEM
and seismic data, if we used the PML for CSEM field simulation instead of the conventional
Dirichlet, the modeling area for these two different geophysical data collected from the same
survey area could be the same, which is convenient for joint inversion grid matching (Hu et al.
2009).
Chen et al. (1997) applied Be´renger’s PML to two-dimensional (2D) transient EM mod-
elling problem using the finite-difference time-domain (FDTD) modeling of lossless media
(Be´renger 1994). Schwarzbach et al. (2011) successfully utilized Be´renger’s PML in 3D frequency-
domain CSEM diffusing modelling problem with adaptive higher order finite element method.
Similarly, Mittet (2010), de la Kethulle de Ryhove & Mittet (2014) used Be´renger’s PML in
3D marine magnetotelluric modelling by a finite-difference time-domain algorithm in which
Maxwell’s equations are solved in a fictitious-wave domain. The original PML proposed by
Be´renger (1994) can be optimized and simply implemented in the form of the complex co-
ordinate stretching along Cartesian coordinates (Chew & Weedon 1994; Chew & Jin 1996).
To deduce the asymptotic behaviors at low and high frequencies, a complex frequency-shifted
PML (CFS-PML) is also developed which greatly improve the absorbing performance of PML
(Kuzuoglu & Mittra 1996; Be´renger 2002). Hu et al. (2017) applied the CFS-PML boundary
condition for transient electromagnetic modelling using a fictitious wave domain method. In
this study, we present a novel 3D frequency-domain marine CSEM modeling algorithm, in
which CFS-PML is successfully applied.
This study can be divided into three parts. We first give an introduction of 3D frequency-
domain CSEM modeling scheme using the SFD grids with the CSF-PML. To avoid the source
singularities, the secondary-field approach is used and the primary fields excited by the elec-
tric dipole source could be calculated quasi-analytically for the one-dimensional (1D) layered
background. Then we compare the performance of CFS-PML with the conventional Dirichlet
boundary by numerical analysis. Finally we give the conclusion that the CFS-PML mod-
elling scheme proposed shows shows advantages in computational time and memory saving
compared to using the Dirichlet boundary without losing numerical accuracy.
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2 FORMULATIONS
2.1 Governing equations
The electric/magnetic fields can be split into a primary part and a secondary (or scattered)
part to avoid source-point singularities (Newman & Alumbaugh 1995; Streich 2009; Sasaki &
Meju 2009). The primary fields are excited by the arbitrarily oriented dipole sources and can
be computed quasi-analytically following Li & Li (2016). The secondary fields are computed
by the frequency-domain SFD method (Yee 1966).
Assuming that the time factor is e−iωt where i2 = −1, by using the electric dipole source,
the Maxwell’s equations in the frequency domain can be written as
∇×ES − iωµ0HS = 0, ∇×HS − σ∗ES = (σ∗ − σP∗)EP , (1)
where superscripts P and S are for the primary and secondary fields, respectively. E and H are
the electric and magnetic fields, ω is the angular frequency, µ0 is the magnetic permeability in
free space, and the complex conductivity σ∗ = σ− iωε0 consists of the electric conductivity σ
and permittivity ε0 in free space. The secondary-source term is given by (σ
∗− σP∗)EP where
σ∗ = σP∗ + σS∗.
After eliminating HS , eq. (1) becomes
∇×∇×ES − iωµ0σ∗ES = iωµ0(σ∗ − σP∗)EP . (2)
In this study, we use eq. (2) for simulating marine CSEM fields with the frequency range of
0.1 to 10 Hz.
2.2 Implementation of CFS-PML
In the complex stretched coordinate approach (Chew & Weedon 1994; Kuzuoglu & Mittra
1996), the governing equation using CFS-PML can be rewritten as
∇h ×∇e ×ES − iωµ0σ∗ES = iωµ0(σ∗ − σP∗)EP . (3)
where ∇e = ( 1γex∂x,
1
γey
∂y,
1
γez
∂z), ∇h = ( 1γhx ∂x,
1
γhy
∂y,
1
γhz
∂z), γ
e
ν and γ
h
ν (ν = x, y, z) are the
complex stretched coordinate factors (decay factors) for electric and magnetic field compo-
nents, respectively. SFD discretization of eq. (3) are similar as Newman & Alumbaugh (1995)
and Streich et al. (2013) (Appendix A). The entire computational domain is divided into
Ncell = Nx × Ny × Nz uniform cells, where Nx, Ny, and Nz are the number of cells in the
x-, y-, and z- direction, respectively. After discretization, eq. (3) can be written in the matrix
form as
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KU = P, (4)
where K is a symmetric complex matrix of dimension (3Nx×Ny ×Nz)2; the unknown vector
U of length 3Nx × Ny × Nz contains the electric field values ESx , ESy and ESz for all nodes;
and P of length 3Nx×Ny×Nz is the secondary source vector of the right-hand side of eq. (4)
given by eq. (3). The entries in K depend on the grid spacing and the frequency-dependent
medium properties, and K is up to 13 nonzero entries per line. The 3D array electric field
values ExS
i+ 1
2
,j,k
, EyS
i,j+ 1
2
,k
, and EzS
i,j,k+ 1
2
, where the subscripts i = 1, . . . , Nx, j = 1, . . . , Ny, and
k = 1, . . . , Nz, can be mapped into a 1D column array of indices (i + 1/2, j, k) → [(i +
1/2 − 1) × Ny + j] × Nz + k, (i, j + 1/2, k) → [(i − 1) × Ny + j + 1/2] × Nz + k, and
(i, j, k + 1/2) → [(i − 1) × Ny + j] × Nz + k + 1/2, respectively. Similarly, we can write
the source term in a 1D column array. The stiffness matrix K is symmetric but highly sparse.
Fig. 1 shows an example of the symmetric structure of the stiffness matrix K where a 5×5×5
staggered grid is used.
The formed linear equations in (4) given by the discretization of eq. (3) are solved by a
multifrontal direct solver MUMPS 5.0.2 parallelized by OpenMP (Amestoy et al. 2001, 2012),
which could avoid uncertainties in pre-conditioning and convergence for iterative solutions,
especially for low frequencies (Farquharson & Miensopust 2011; Oldenburg et al. 2013). In
this section, we will focus on the implementation of CFS-PML in details.
Following Chew & Weedon (1994) and Be´renger (2007), the PML decay factors are given
as
γeν = 1− iηeν/ω, ν = x, y, z (5)
γhν = 1− iηhν/ω, ν = x, y, z (6)
Absorbing boundaries at the edges of the simulation region may be created by choosing
appropriate values of ην . Usually, the decay factor ην varies gradually from 0 at the PML/non-
PML interface to its maximum at the outer boundaries of the computational domain to
minimize the numerical reflections caused by spatial discretization (Hu et al. 2007).
In this study, the PML decay factor ην is determined empirically using the polynomial
form of the PML (Hu et al. 2007). For example, the artificial attenuation along the x-direction
is defined as (Be´renger 1996; Pan et al. 2012):
ηx =

ηmax
(
− xLpml
)m
, if − Lpml ≤ x < 0
0, if 0 ≤ x ≤ 1
ηmax
(
x−1
Lpml
)m
, if 1 < x ≤ 1 + Lpml
(7)
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Figure 1. The schematic map showing different PML layers surrounding the 3D original computational
cube. The left plot shows the original computational volume, which is a cuboid without PML layers.
The right plot shows the PML layers surrounding the surrounding the original computational volume.
The PML layers can be divided into 7 different types, which have different values of ηx, ηy and ηz (see
Table 1).
where m is either 2 or 3, and this value depends on the size of the computational domain.
As pointed out by Be´renger (2002), m = 3 has a better absorption effect on the evanescent
region than m = 2, whereas m = 2 has a better absorption effect on the traveling region.
We used m = 2 in this study. The length of the interior domain is scaled to 1, Lpml is the
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Figure 2. Illustration of the symmetric structure of the stiffness matrix for a 5 × 5 × 5 staggered
grid. Note that only the locations of nonzero entries before applying the Dirichlet or PML boundary
condition are shown (blue points). nz = 1944 is the number of nonzero entries of the stiffness matrix.
thickness of the PML layer on each side, ηmax is the maximum PML decay factor, and m
is an integer (e.g., two or three). We use the same definitions for the artificial attenuation
parameters in the y- and z-directions. Fig. 2 shows the different PML layers surrounding the
original computational area. Note for the computation of the solution inside the PML layers in
the x-direction, ηx is positive and ηy, ηz = 0. For PML layers in the y-direction, ηy is positive
and ηx, ηz = 0. For PML layers in the z-direction, ηz is positive and both ηx, ηy = 0 (see
Table 1). For PML layers in the corners, where we need damping in all directions, ηx, ηy and
ηz are all positive (Collino & Tsogka 2001).
The complex frequency stretched (CFS) PML, as introduced in Kuzuoglu & Mittra (1996),
Roden & Gedney (2000) and Pan et al. (2012), is one of a number of approaches that are
suitable to mimic the reflection-free boundaries at the outermost surface of the interior domain.
Table 1. The damping factors ην(ν = x, y, z) for different PML layers.
PML layers PML-x PML-y PML-z PML-x,y PML-y,z PML-z,x PML-x,y,z
ηx > 0 = 0 = 0 > 0 = 0 > 0 > 0
ηy = 0 > 0 = 0 > 0 > 0 = 0 > 0
ηz = 0 = 0 > 0 = 0 > 0 > 0 > 0
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The complex frequency stretched coordinate factors are given by
γeν = κ
e
ν +
ηeν
αeν + iω
, (8)
γhν = κ
h
ν +
ηhν
αhν + iω
, (9)
where ην and κν are positive real and κν is ≥ 1 (Be´renger 2007). ην are the PML decay factors,
αν are point-wise coefficients related to the CFS-PML (Roden & Gedney 2000). The essence
of the real parameter αν is to absorb the evanescent waves and to improve the absorption
performance at grazing angles (Be´renger 2002; Komatitsch & Martin 2007; Martin et al.
2009). In this study, the parameter κν is set as 1, since the effect of these parameters for the
absorption is not significant (Be´renger 2002).
In the PML region, the conductivity is equal to the value of the outmost cell of the interior
domain. This strategy is employed to minimize the numerical reflection error at the interface
between the PML domain and the interior domain.
We use similar setting for αν as Roden & Gedney (2000). We choose to make αν vary
in a linear fashion in their respective PML layer between a maximum value αmax at the
beginning (i.e., the entrance) of the PML and zero at its top. The maximum value of αν is set
as 95 percent of the transmitting frequency. With these settings, the discretized eq. (3) has
the same formulas everywhere in space. The only difference between the PML domain and
the interior domain equation is the value of the artificial attenuation ην .
To reduce the discretization error, the parameter ην are scaled such that they are are 0
and 1 at the PML/interior volume interface, respectively, and are maximum at the exterior
boundary. We use an optimal maximum attenuation (ηmax) formulation similar as Komatitsch
& Martin (2007), Martin et al. (2009) and Pan et al. (2012)
ηmax(x, y, z) = c
(m+ 1)σ(x, y, z)
Lpml
, (10)
where σ(x, y, z) is the conductivity of the cell adjacent to the PML grid, Lpml is the thickness
of the PML domain and c a constant that determines the reflection from the PML interface.
In this study, the empirical parameter c is chosen to be several times of the skin depth for the
background model.
3 NUMERICAL ANALYSIS
In this section, we examine the performance of the CFS-PML proposed. Two examples are
tested, i.e., the 1D case compared with the quasi-analytical solutions given by Li & Li (2016)
and the 3D case compared with the sulutions of adaptive finite-element method (adaptive
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FEM) solutions given by MARE3DEM code (Zhang 2017). We have written a Fortran 90
code to implement the 3D SFD modeling scheme for marine CSEM data. The numerical
accuracy, time consumption and memory saving are compared between the CFS-PML and
the conventional Dirichlet boundary (Li et al. 2017). The numerical test is performed under
the Dell Precision Tower 3620 (3.50 GHz CPU Intel@Xeon E3-1240 v5 family including 2
processors with up to 4 cores per processor, memory up to 16 G), which is suitable for
OpenMP parallel programming. Note the MUMPS 5.0.2 used for factorizing the complex
sparse matrix formed by SFD discretization is parallelized by OpenMP in an ”out-of-core”
environment (Amestoy et al. 2001, 2012). When the ”out-of-core” phase is activated and the
complete matrix of factors is written to disk and will be read each time a solution phase is
requested, therefore the memory requirement can be significantly reduced while not increasing
much of the factorization time on a reasonably small number of processors.
3.1 The 1D case
For simplicity, we first use a one-dimensional (1D) canonical reservoir model given by Consta-
ble & Weiss (2006), so that our SFD numerical solutions can be easily validated by the results
obtained from the quasi-analytical 1D algorithm (Li & Li 2016). The 1D canonical reservoir
model consists of a seawater layer with 0.3 Ωm resistivity and 1 km thickness, a sediment layer
with 1 Ωm resistivity and a 1000 m thickness (see Fig. 3). The canonical reservoir is buried at
a depth of 2 km below the sea surface with 100 Ωm resistivity and a 100 m thickness. Inline
(transmitter pointing along y- direction) transmissions are excited at a frequency of 0.25 Hz.
The transmitter location is x = 0, y = −5000, z = 950 m, and 51 receivers are located at the
seafloor with 200-m intervals from y = −5000 to 5000 m along the towed line. Here, we only
consider the electric and magnetic fields in the transmitter-receiver plane at x = 0.
The computational volume is {(x, y, z) : −50km ≤ x, y, z ≤ 50km} and it is divided
into 76 × 76 × 72 staggered-grids when using the Dirichlet boundary condition (Fig. 4a and
4b). The x- and y- grid spacing is the same and becomes larger towards the boundaries,
and the z- grid spacing becomes larger with depth. The minimum horizontal spacing is set
to be 200 m, while the minimum vertical grid spacing is given as 50 m. For the CFS-PML,
the computational volume is {(x, y, z) : −6.6km ≤ x, y ≤ 6.6km,−8km ≤ z ≤ 3km} and a
66 × 66 × 64 staggered-grid including 8 PML layers surrounding the computational area is
used (Fig. 4c).
Fig. 5 shows the 3D SFD solutions compared to 1D quasi-analytic solutions for the fre-
quency 0.25 Hz. From Fig. 5 we can see that, the numerical accuracy is acceptable for both
Downloaded from https://academic.oup.com/gji/article-abstract/doi/10.1093/gji/ggx382/4157794/Application-of-the-perfectly-matched-layer-in-3D
by GEOMAR Bibliothek Helmholtz-Zentrum fuer Ozeanforschung user
on 22 September 2017
10 G. Li and B. Li
Figure 3. An 1D canonical reservoir model similar to Constable & Weiss (2006). There are five layers
including air layer, seawater layer and three seafloor layers. The • and H indicate the transmitter and
receivers, respectively.
the gridding using Dirichlet and CFS-PML boundary. The absolute errors of the amplitude
for Ey, Ez and Hx are no more than 2%, 4% and 2%, respectively. The relative errors of the
phase for Ey, Ez and Hx are all less than 1
◦. When using the CFS-PML boundary, less grids
are used so that both the memory and computation time saving are significant (Table 2). For
this 1D test, the memory saving is nearly 43 % and the time saving is around 50%.
Similar as Roden & Gedney (2000) and Hu et al. (2017), the reflection errors at the receiver
positions are calculated using
Reflection error = 20 log10
∣∣∣∣abs(Fi)− abs(F0i )abs(F0i )
∣∣∣∣ , i = 1, . . . , NRx (11)
where NRx is the number of receivers, F represents the electric E or magnetic field H observed
at the receiver locations using the CFS-PML boundary, F0 represents the reference field with
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Figure 4. A 2D cutaway of the meshin the transmitter-receiver plane at x = 0 used for forward
calculation of the 1D canonical reservoir model in Fig. 3 using a 3D SFD code with a PML and Dirichlet
boundary condition. a) The mesh using the conventional Dirichlet boundary, in which local mesh for
reservoir area bounded by yellow box is enlarged. b) Local mesh using the CFS-PML boundary.
boundaries distant enough to avoid any boundary reflections that might interfere with the
observed data. In this example, the 1D quasi-analytical results are taken as the reference
fields.
Fig. 6 shows the reflection error for both the electric field (Fig. 6a) and the magnetic
field (Fig. 6b) at the receiver positions for the 1D model shown in Fig. 3. Actually, the
reflection errors at the receiver positions in eq. (11) indicate the total electric or magnetic
field reflection level. The reflection error of both E and H using CFS-PML boundary is low
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a) b)
c) d)
Figure 5. 3D numerical solutions against 1D quasi-analytic solutions for the frequency 0.25 Hz. The
y axis in km is also the source receiver offset. The SFD solutions with the CFS-PML boundary are
compared to those with the Dirichlet boundary condition given by Li et al. (2017). a) Amplitude of the
electric field E and electric field H, in which the units are V/Am2 and 1/m2, respectively. b) Phase in
degrees for the electric field E and electric field H. c) Relative error of amplitude for the electric field
E and electric field H compared to the 1D analytic solution given by Li & Li (2016). d) Absolute error
of phase for the electric field E and electric field H compared to the 1D analytic solution. The solid
line indicates the quasi-analytic results for the 1D model in Fig. 3, × and © indicate the SFD results
using the Dirichlet boundary and the PML boundary, respectively. The colors black, blue and red are
for Ey, Ez and Hx, respectively.
(less than -30 dB noise which corresponds to the relative error of 3%), which is similar as that
using the Dirichlet boundary. This indicates that the CFS-PML boundary effectively depress
the artificial boundary effect.
Table 2. Comparison between the CFS-PML boundary and the conventional Dirichlet boundary for
the 1D example.
Boundary Gridding PML layers Number of unknowns Memory used (G) Total time used (min)
Dirichlet 76× 76× 72 - 1247616 ≈7.76 ≈14.15
CFS-PML 66× 66× 64 8 836352 ≈4.41 ≈7.04
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a) b)
Figure 6. Reflection error of the PML and Dirichlet boundaries for the 1D model shown in Fig. 3. The
symbols × and © are for the Dirichlet boundary and the PML boundary, respectively. a) Reflection
error for the electric field E, and b) for the magnetic field H.
3.2 The 3D case
In this part, we present a 3D example similar as Weiss & Constable (2006) (Fig. 7). The 3D
geo-electric model consists of a reservoir represented by a 100-m thick horizontal slab and
resistivity 100 Ωm. The reservoir body is buried at a depth of 1 km within a half-space of
1 Ωm water-saturated sediment. The thin slab is a cuboid with both 4 km length, 4 km width
and 100 m height. The center of the top surface of the slab corresponds to the origin o of
the Cartesian coordinates used. Inline (transmitter pointing along y- direction) transmissions
are excited at a frequency of 1 Hz. The transmitter location is x, y = 0, z = 900 m, and
21 receivers are located at the seafloor with 200-m intervals from y = 0 to 5000 m along the
towed line. Only the electric and magnetic fields in the transmitter-receiver plane at x = 0
are considered.
The computational volume is {(x, y, z) : −50km ≤ x, y, z ≤ 50km} is also divided into
78× 78× 74 staggered-grids when using the Dirichlet boundary condition (Fig. 8a and 8b).
For the CFS-PML, the computational volume is {(x, y, z) : −6.6 ≤ x, y ≤ 6.6km,−8km ≤ z ≤
3km} and a 68×68×64 staggered-grid including 8 PML layers surrounding the computational
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Figure 7. A 3D canonical reservoir model similar to Weiss & Constable (2006). There are air layer,
seawater layer and a canonical slab of the volume {(x, y, z) : −2km ≤ x, y ≤ 2km, 2km ≤ z ≤ 2.1km}
which is embedded into a seafloor halfspace. The • and H indicate the transmitter and receivers,
respectively.
area is used (Fig. 8c). For comparison, the adaptive FEM solutions computed by MARE3DEM
are used (Zhang 2017). The computational volume is {(x, y, z) : −50 ≤ x, y, z ≤ 50km} and
the total triangular elements are 755804 after 10 refinement iterations.
Fig. 9 shows the 3D SFD solutions compared to 3D adaptive FEM solutions for the
frequency 0.25 Hz. Fig. 9 shows a good numerical accuracy for using Dirichlet or CFS-PML
boundary. The absolute errors of the amplitude for Ey, Ez and Hx are all no more than 1.2%.
The relative errors of the phase are all less than 1◦. Both the memory and computation time
saving are significant when using the CFS-PML boundary with less grids (Table 3). For the
3D test, the memory saving using the PML is nearly 42 % and the time saving is around 48%
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Figure 8. A 2D cutaway of the mesh in the transmitter-receiver plane at x = 0 used for forward
calculation of the 3D canonical reservoir model in Fig. 7 using a 3D SFD code with a PML and Dirichlet
boundary condition. a) The mesh using the conventional Dirichlet boundary, in which local mesh for
reservoir area bounded by yellow box is enlarged. b) Local mesh using the CFS-PML boundary.
compared to using the Dirichlet. In Fig. 9, one can distinguish the 3D adaptive finite-element
results (solid line) and quasi-analytic results for the 1D background model without the 3D
resistive slab (dashed line). This indicate the effect of the 3D thin slab is apparent.
We notice that the PML appears to have a little higher error compared to the Dirichlet
for both the 1D and 3D examples. We think that because the modeling area is large enough
and the boundaries are far away enough (the modeling area is set to be {(x, y, z) : −50km ≤
x, y, z ≤ 50km}), no or little boundary reflections appear for the Dirichlet. For the PML,
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a) b)
c) d)
Figure 9. 3D numerical solutions against 3D adaptive FEM solutions of MARE3DEM given by Zhang
(2017) for the frequency 1 Hz. The SFD solutions with the CFS-PML boundary are compared to those
with the Dirichlet boundary condition given by Li et al. (2017). Note that the thin slab is of dimension
-4 km to 4 km along y axis. The solid line indicates the adaptive finite-element results, the dash line
indicates the quasi-analytic results for the 1D background model in Fig. 7 without the 3D resistive slab,
× and © indicate the SFD results using the Dirichlet boundary and the PML boundary, respectively.
The colors black, blue and red are for Ey, Ez and Hx, respectively.
the modeling area for PML are still much smaller than that of Dirichlet. Although we use 10
PML layers which are proved to be sufficient enough for absorbing boundary reflections, the
absorbing rate cannot reach 100 percent.
The reflection errors at the receiver positions for the 3D example are shown in Fig. 10.
The 3D adaptive FEM results, using the Dirichlet boundary, are taken as the reference fields.
In this test, the Dirichlet boundary for finite element simulation is far enough to avoid any
boundary reflections that might interfere with the observed data. The reflection error of both
E and H using CFS-PML boundary are less than -30 dB and -28 dB, respectively, which are
Table 3. Comparison between the CFS-PML boundary and the conventional Dirichlet boundary for
the 3D example.
Boundary Gridding PML layers Number of unknowns Memory used (G) Total time used (min)
Dirichlet 78× 78× 74 - 1350648 ≈8.75 ≈15.46
CFS-PML 68× 68× 64 8 887808 ≈5.09 ≈8.08
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a) b)
Figure 10. Reflection error of the PML and Dirichlet boundaries for the 3D model shown in Fig. 6.
Note that the thin slab is of dimension -4 km to 4 km along y axis. The symbols × and © are for the
Dirichlet boundary and the PML boundary, respectively. a) Reflection error for the electric field E,
and b) for the magnetic field H.
similar as those using the Dirichlet boundary. This indicates that the artificial boundary effect
is effectively depressed by the CFS-PML boundary.
4 CONCLUSIONS
In this study, the complex frequency stretched perfectly matched layer (CFS-PML) has been
applied to the 3D marine controlled-source electromagnetic (CSEM) forward problem. For
the PML boundary, the model area can be restricted to the region of interest and only a
few absorbing layers surrounding can effectively depress the artificial boundary effect without
losing the numerical accuracy.
The next step is to develop a inversion scheme for interpreting real data based on the 3D
marine CSEM modelling algorithm using CFS-PML. Furthermore, for developing a joint 3D
inversion scheme of marine CSEM and seismic data, the proposed 3D CSEM modelling scheme
using CFS-PML could be more convenient than using the conventional Dirichlet boundary
condition. For seismic wave simulation, a PML boundary is commonly used. If we used the
PML for CSEM field simulation, the modeling area for these two different geophysical data
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collected from the same survey area could be the same. This could avoid dealing with the grid
matching when the CSEM gridding area using Dirichlet boundary is usually larger than the
seismic gridding area (Hu et al. 2009).
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Figure A1. The 3D staggered-grid for cell centered at (i, j, k), where ∆x(i), ∆y(j) or ∆z(k) is the
cell size along x-, y- and z- direction, respectively. The electric field components Ex, Ey and Ez are
sampled at the center of cell surfaces, while the magnetic field components Hx, Hy and Hz are sampled
at the midpoint of cell edges.
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APPENDIX A: THE STAGGERED FINITE-DIFFERENCE (SFD)
DISCRETIZATION
We use the staggered gridding discretization for the governing equation (3). The staggered
finite-difference discretization around cell (i, j, k) is shown in Fig. A1. For the root grid node
(i, j, k) located in the cell centers, the electric field components Ex, Ey, and Ez are sampled
on the cell faces while the magnetic fields Hx, Hy, and Hz are on the edges.
From equation (3), we obtain
1
γhy
∂
∂y
(
1
γex
∂ESy
∂x
− 1
γey
∂ESx
∂y
) +
1
γhz
∂
∂z
(
1
γex
∂ESz
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− 1
γez
∂ESx
∂z
)
−iωµ0σ∗ESx = iωµ0(σ∗ − σP∗)EPx , (A.1)
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−iωµ0σ∗ESy = iωµ0(σ∗ − σP∗)EPy , (A.2)
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where γeν and γ
h
ν (ν = x, y, z) are the complex stretched coordinate factors for electric and
magnetic field components, respectively.
Following Newman & Alumbaugh (1995) and Streich (2009), the staggered grid FD dis-
cretization for the x-, y-, and z- components of the electric field evaluated at (i + 12 , j, k),
(i, j + 12 , k), and (i, j, k +
1
2) can be written, respectively, as
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where ∆xi+ 1
2
, ∆yj+ 1
2
and ∆zk+ 1
2
are the midpoint distances between ∆xi and ∆xi+1, ∆yj
and ∆yj+1, and ∆zk and ∆zk+1, respectively.
We can obtain an asymmetric system matrix (not Hermitian) equal to that resulting from
a finite volume approach given by Weiss & Constable (2006) by multiplying the corresponding
cell volume, i.e., eq. (A.4) by (γxe
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zh
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).
We assume model conductivity and permittivity as constant within each cell. As the
electric field components are sampled at cell faces where the complex conductivity could be
discontinuous, we employ a harmonic averaging method introduced by Smith (1996). For
example, the x-, y- and z- staggered complex conductivity is
σ∗
i+ 1
2
,j,k
=
2∆xi+ 1
2
∆xi/σ∗i,j,k + ∆xi+1/σ
∗
i+1,j,k
, (A.7)
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, (A.8)
σ∗
i,j,k+ 1
2
=
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∗
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∗
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, (A.9)
where ∆xi+ 1
2
is the width of the staggered grid cell that extends between the centers of cell i
and i+ 1. The harmonic averaging ensures that the current density derived from nonaveraged
and averaged conductivities cross cell boundaries continuous (Smith 1996; Haber et al. 2000;
Streich 2009; Li et al. 2016). The harmonic averaging ensures that the current density derived
from nonaveraged and averaged conductivities cross cell boundaries continuous. For example,
the x-, y- and z- staggered complex conductivities are expressed as
σ∗i,j,kE
x
i,j,k = σ
∗
i+1,j,kE
x
i+1,j,k
= σ∗
i+ 1
2
,j,k
∆xiE
x
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, (A.10)
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